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Universal quantum filter (UQF) is introduced and proved to exist. Optical realization of UQF is 
proposed in experiment. 
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Quantum entanglement is responsible for many quantum tasks and most known implementations of quantum proto- 
cols require maximally entangled state (MES) ^Ij. Unfortunately, due to interaction with environment, entanglement 



is fragile and easy to be blurred by the noise, which results in non-MES pure state or entangled mixed state. To 
obtain MES, entanglement concentration or distillation is required Often conversion between entangled states is 
\ manipulated by local operation and classical communication (LOCC). Among local operations, the filtering method is 
■ applied frequently, sometimes even essentially. Hidden quantum non-locality of some mixed states is revealed by local 
' filter I^Q, which they do not violate any Bell-CHSH inequality while they do after proper local filters. The well- 
known entanglement distillation protocol — BBPSSW 2] can not directly applied to all two-qubit inseparable mixed 
states. Indeed inseparable states with fidehty / = max0(0|p|0) < 1/2 can not distilled by BBPSSW protocol where 
is a MES. However it is demonstrated that any inseparable two-qubit state can be distilled to a singlet form "s"]. To 
apply BBPSSW protocol, filtering process is performed to promote the fidelity beforehand @. Also local filtering is 
, an essential step to optimally concentrate entanglement or maximize the fidelity of teleportation of the mixed state 
' 0. A two-dimensional system — qubit is the elementary system in quantum information theory. Conversion between 
' two-qubit entangled states are studied with detail due to its simplicity and importance. Our discussion of quantum 
• filter is limited to qubit. 

' A qubit filter is a kind of two-outcome POVM. The realization of the POVM requires an interaction unitary evolution 
Oh, between an ancilla and the system. However, it is hard to perform arbitrary interaction unitary gate between two 
-j-J ■ qubits. The interaction gate is a kind of expensive resource. So an instant question arises: does there exist an 
^ , interaction unitary gate such that any filtering process can he performed by modulating the valuable interaction gate 
^ ■ with cheaper qubit unitary gate and projective measurement? Here we assume that arbitrary qubit unitary gate and 
projective measurement is freely available — actually it is much easier to perform these operations. Such an interaction 
. gate is defined as a universal quantum filter (UQF). If it exists, we can use the UQF to carry out any filtering task. 
' Only one standard device is needed in the toolbox. If it does not, we have to construct a specific filter for a specific 
filtering task so that our toolbox would be full of all types of filters. In this paper, we will solve this problem. The 



■ good news is that the answer is YES. Fortunately enough, a simple choice is the CNOT gate. 

II. UNIVERSAL QUANTUM FILTER 

A qubit filter is a POVM described by {Nq, Ni}, 



No = Vo 



cos a 
1 



U, iVi = Vi 



sin a 




U, (1) 



where Vo,Vi,U S SU{2) and the completeness relation iVgiVo -I- nINi — 1 is satisfied. Explicitly, the same U can be 
dropped since arbitrary qubit unitary operator is allowed before the filtering process. In the same way, Vq, Vi can be 
also neglected since arbitrary unitary transformation can be performed dependently on the measuring outcome. So a 
qubit filter is briefly described as F(a) by the two diagonal matrices. A universal qubit filter (UQF) is an interaction 
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two-qubit unitary gate Uea such that any filter F(a) could be realized by U ea ° {Ue ® Ua) supplemented with proper 
projective measurement on the ancilla qubit E. In the following, we clarify the main idea by the optimal conversion 
between pure entangled states. Since the local filtering method is very useful in the entanglement distillation 
UQF can also been applied to mixed entangled states. 

Suppose two parties, traditionally called Alice and Bob, initially share an entanglement state ~ aolOO) + 

ai|ll), where ao > ai > 0, ckq + = 1. They want to transform to a more entangled state by LOCC, = 
/?o|00) +/3i |11) and f3o > (3i > 0, (3q+ (3i = 1. Usually the goal state is a MES that is the requirement in most quantum 
protocols. Of course the successful transformation is probabilistic since the average entanglement is non-increasing 
under LOCC. The optimal conversion means that the greatest probability of success is achieved, which is asserted by 
the theorem in @. In the simple case of two-qubit, it is expressed as: if {a^, af} y {(3q, f3f}, Pmax{4> ^ i^) — (^i/ Pi- 
Here the majorization relation ' means > /3q and Ofg -I- = /3g -I- = 1 . It is easy to check that the optimal 
transformation (j> ^ ip between any pair of entangled states cj) y ip can be achieved by LOCC if the local UQF is 
available. And if a two-qubit unitary gate plays the local filtering role in the optimal conversion of all pair of entangled 
states, it is a UQF. Next our main goal is to find the necessary and sufficient conditions a UQF should satisfies. 

Theorem: Two-qubit unitary gate Uea is a UQF if and only if 

UEA°UE(E>UAm - ao|eo)^h)^ + ai|ei)^|/i)^, (2a) 
UeaoUe®Ua\01) - \eo)^\v±)^, (2b) 

hold for any value of < ag < 1 by tuning proper product unitary operator Ue ® Ua- 
Proof. 

^ UeaoUe®Ua\0)''\^)^'' 

= ao|0o)^^|O)^-|-ai|(/.i)^^|l)^ 

= ao(ao|eo)^|0o)-' + fli|ei)^|0i)^)|O)^ + «i (6o|eo)^l^o)^ + 6i|ei)^|^i)-^)|l)^ 

= |eo)^(aoao|0o)-'|O)^ + a,bo\^o)^\l)'') + |ei)^(aoai|0i)^|O)^ -I- a^bM^\l)^) (3) 

where {(t)o\(j>i)^^ = and {|eo), |ei)} is the measurement on the ancilla. Suppose the transformation is successful 
if the measurement outcome is "0" and fails if the outcome is "1". Since the probability of success is optimal, we 
conclude that the failing state Q;oai|0i)'^|O)^ -I- q;i6i|-0i)"^|1)'^ must be a product state, or else it can be converted 
to the goal state with some probability that contradicts the optimal transformation. In addition, we know that the 
conversion can be completed by only Alice'e operation. So we obtain 

aoai|0i)^|O)^+ai6i|V'i)-^|l>^ - VP~i\ti)^W)'' , (4a) 
«oaol'/'o)^|0)^+ai6ol^o)-'|l)'' = VR^(/3oVa|0)-^|0)^ + AVaII)-"!!)^) (4b) 

From Eq.^, we know that 

PB^TrEAm{<l>\f^^^Po{P'o\0){0\+f3!\l){l\)+PiW)H (5) 



Combining with the condition pB = aQ|0)(0| -|-ai|l)(l|, we get \v) = |0). From i?os. H4al4b(l . we obtain bi = 0, 5o — 1, 
\4>i)^ = l/x)^, and {(j)o\ipo)^ = that makes {4>o\4>i)^'^ = satisfied. Let us denote |(/)o)'^ = l??)^ and li^o)^ = 
Now Eq.^ is of the form 

Uea o Ue ® (7^10)^10)^^ = «o(«o|eo)^h)^ + ai\e,)''\fi)^)\0)^ + ai|eo)^|ry±)^|l)^ 

= |eo)^(ao«oh)^|0)^ + ai|,7^)^|l>^)+aoai|ei)^|M)-^|0)^ (6) 

The proof is completed. Two immediate corollaries are the following. 

Corollary 1 The entanglement capacity of the interaction Uea of a UQF is at least one ebit. 
Notice that when oq ^ 0, 

Uea o Ue ® {/a|0)^(|00)^^ + |11)^^) -> |ei)^|M)^|0)^ + |eo)^h±)-^|l)^. (7) 

The entanglement between E and AB is one ebit. So the entanglement capacity of Uea is at least one ebit. 
Corollary 2 If Uea is an interaction unitary gate of UQF, then Ue and Ua can be found such that 

UeaoUe^UaIOO) = |eo)^|77)^, (8a) 
UeaoUe^UaIOI) = |eo)^|77i)^. (8b) 
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This conclusion comes directly from gq = 1. 

All the above discussion is based on the assumption that there exists UQF unitary gate. Does such interaction gate 
really exist and how do we find such a gate? The answer to the existence problem is YES and a simple choice is the 
CNOT gate. Before we prove CNOT is an eligible candidate, we show the general scheme to search the UQF gate. 

Any two-qubit operator can be decomposed as its canonical form ^ 

UeA = VE®VAUdUE(S)UA, 
3 

Ud = expi(^afcCTf (9) 

k=l 

where ak are the Pauli operators and 7r/4 > ai > a2 ^ Ud is the interaction term. Because arbitrary product 

unitary operator is allowed before and after the implementation of Uea^ it is Ud that plays the role of UQF. So we 
can just consider Uea as the form Ud{(Xk)- A generic SU{2) operator is dependent on three parameters. The global 
phase can be ignored since it has no effect in the transformation. Denote C/£;(a4, as) and [/^(oei ct?)- 

UdoUE® UaIOO) = Ma,))^^, (10a) 
UdoUE® Ua\01) = l^-la,))^^. (10b) 

From the theorem, \'^{ai))-^^ = \eo)'^\v±)^ is a product state that gives a equation satisfied by a^, which we denote 
the constraint as CI. Then, 

|eo)^(eo| =TrA|*(a,))(*(a,)|, (H) 
|aoP = rr^(eo|$(a.)>(*(a^)|eo) = rrB^[(|$(a,))($(a.)|)Tr^(|*(a^))(*(a^)|)] (12) 

So ao = ao{ai). The problem of searching UQF is reduced to find the range of uq under the constraint CI. Fixing 
three interaction parameters, if the range of \ao\ is [0, 1], Ud is an eligible UQF. 

It is a tedious job to search all the candidates of UQF by the general scheme. Now even it does not give a 
definite answer to the existence problem, though UQF should exist since we have more parameters to be tuned. 
Note that our main aim is to find a simple UQF that can be easily implemented in experiment. Even if all the 
UQFs are found, the simplest one will be chosen. The two corollaries drop a hint that probably CNOT is an eligible 
one since CNOT is the simplest interaction unitary operator that satisfies corollary 1 and corollary 2. Also it does 
not contradict with _5'g. (|2a|) . since j/x)"* is unnecessarily orthogonal to \r])^. Hopefully, we might as well have a 
try with the CNOT gate. Luckily enough, it really works. Now we show how it works. Choose Ua = ci and 
Ue — (cos0|O) + sin0|l))(O| + (sin0|O) — cos0|l))(l| where the parameter 9 is determined by the parameter of a 
specific filter -^(0!), then 

f/cJVOT(cos0|O) +sin(?|l))(|0) + |l))/\/2 = (cos0|O) + sin0|l))(|O) + |l))/%/2 

= cos 26*160) 1+) + sin 26'|ei)|+), (13a) 

;7c7VOt(cos0|O) +sin(?|l»(|0) - \1))/V2 = (cos0|O) - sin(?|l))(|0) - \l))/V2 

= |eo)|-), (13b) 

with 

|eo) = coseilO) -sin6l|l), (14a) 
|ei) = sin6l|0) +cos6l|l), (14b) 
1+) = 1/a/2(|0) + |1)), (14c) 
I-) = 1/V2(|0)-|1)). (14d) 

Then Eq.^ gives 

C/f^o^ o Ue ® C/A(ao|00)^^ + ai|ll>^^) = |eo)''(«o cos 20|+)^|O)^ + ai|->^|l)^) + ao sin 20|ei)^|+)^|O)^ (15) 

So {Uea,Ue,Ua, Me} plays the role a a universal quantum filter, where Me is the measurement in the basis 
{|eo), |ei)}. Also we find another UQF with Ud — 7r/4CTi ai + 7r/8(T2 (^(^2 + T^/^a^ (Xi 0-3 and proper product unitary 
transformation Ve (X Va and measurement Ne, albeit their parameters are complicatedly dependent on each other 
and the interaction parameters a^. A reasonable conjecture is that any interaction Ud with one ebit entanglement 
capacity is an eligible candidate of UQF. 
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As an example, we use the CNOT UQF to optimally convert an entangled state = cosccjOO)"*^ + sinxlll)"^^ to 
IV') = cosyjOO)"^^ + siny|ll)"^-^ where < x < y < 7r/4 that satisfies (f> )^ ip. First, prepare the ancilla state cos0|O) + 
sin6'|f) with 9 fixed by cos26' — tana;/ tany. Rotate the basis {|0)"*, to {1+)"^, |— by a^. Second, implement 
CNOT gate on the ancilla E and system A. Third, measure the ancilla in the basis {|eo), |ei)} of i!^o. (|f4alf4b|) . ft is 
easy to check that p{(j) ^ tp) = sin^ x/ sin^ y. So the optimal transformation is achieved. If the goal state is a MES, 
any non-MES is transformed to a MES with maximal probability by the CNOT UQF. 



III. UNIVERSAL QUANTUM DILUTER 



Another exciting fact is that the CNOT filter can be employed as a universal quantum diluter (UQD). Similarly, 
a UQD is defined as a device that can dilute {ao,ai) to (/3o,/3i) with certainty when ^ ^ V' 0- The essential idea 
is that proper Ue ®Ua and the measurement basis Me are chosen. Here we adopt Nielsen's dilution protocol 0- 
The first step of Nielsen's protocol is to transform \4>)^^ to the form = l/\/2(|00) + |l)(cos7|0) +sin7|l))) by 

unitary action on system A where 7 is chosen to satisfy ap = (1 + cos7)/2. The second step is to perform the POVM 
described by {Mo,Mi} in the basis {|0)^, jl)-^}. 



Mo 



cos 5 







sin (5 








sin (5 





cosi5 



(16) 



where 5 is determined as 5 — 1/2 arcsin (2(/3g — /?o)^/^/ sin7). Then the resulting state after the measurement 
is equivalent to the goal state by local unitary operations. As pointed out in 7], the POVM {Mo,Mi} can be 
implemented using projective measurement and bipartite unitary transformation. Here we demonstrate that any 
POVM of the form { A/q, Mi} could be realized by the CNOT transformation supplemented with SU (2) and projective 
measurement. Now we show how the UQD works. First, the same transformation Uea°Ue®Ua as UQF is performed 
on |0)^|(/)')'^^ which gives 

tCNOT^ 



U^T"' oUe(E>Ua\0)^\^T^ = (cos0|O)^+sin0|l)^)|+)'^|O)^ + (cos0|O)^-sin0|l)^)|-)^(cos7|O)^+sin7|l)^) (17) 
If 9 is chosen to satisfy cos 29 = sin 2S, then there exists unitary transformation Ve such that 

Ve(cos61|0)-^ + sin6l|l)^) = cos,5|0)-^ + sin(5|l)-^. 



Next, Alice applies Ve 
Ve 

= (cos(5|0)-^ 



Ve(cos6I|0)-^ - sin6l|l)-^) = sin,5|0)^ 
Ua to the ancilla and system A, then 



cos^ll)-' 



(18a) 
(18b) 



UAoUEr'^oUE®UA\0)'^\^Y'' 



sin(5|l)^)|0)^|0)^ + (sin(5|0)^ + cos(5|l)^)|l)^(cos7|0)^ + sin7|l)^) 



= |0)^(cos(5|0)^|0)^ + sin5|l)^(cos7|0)^+sin7|l)^)) 

+ |l)^(sin5|0)^|0)^+cosJ|l)^(cos7|0)^+sin7|l)^)) (19) 

Finally, Alice measures the ancilla in the basis {|0)^, |1)^} and the POVM is realized. So the CNOT diluter is 
universal. Most known implementations of non-local operations either require MES or become probabilistic with 
non-MES. Nevertheless sometimes non-MES is required in some quantum tasks. An example related with our topic 
is the remote POVMs discussed in liol. 



IV. GENERAL TWO-OUTCOME POVM 



From the above discussion, we know that CNOT gate can be utilized to perform two-outcome POVMs of UQF and 
UQD with the aid of qubit unitary operator and projective measurement. These two types belong to a larger subset 
of POVM {Do, Di} of the form 



Do 



cos a 
cos (3 



sin a 
sin/3 



(20) 



A general two-outcome POVM is described by {Mq, Mi] where Mi is a generic 2x2 matrix satisfying the completeness 
relation MqMq -f m\Mi = I. It is unitarily equivalent to {No, iVi} of the form 



No^Vo 



cos a 
cos [3 



Ni^Vi 



sin a 
sin/3 



(21) 
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where Vq, Vi are two unitary operators. The proof is simple. From matrix analysis and the completeness relation, we 
know that MqMq and M|Mi can be diagonalized by the same unitary operator U and Mi = ViDiU . Reducing U , 
{No^Nx} is obtained. 

Actually, a general two-outcome POVM could be realized by CNOT operator. 

C/^^O^ o Ue ® UA\0)^\(t>)^'' = ao(cos0|O)^ + sin0|l)^)|+)^|O)^ + ai(cos0|O)^ - sin0|l)^)|-)'4|l)^, (22) 

where 9 is fixed as cos26' — cos(a — (3). There exists unitary operator Ve such that 

y£;(cose'|0)-^ +sin6l|l)-^) = cosa|0>-^ + sina|l)'^, (23a) 
Fi5(cos6'|O)-^-sin0|l)^) = cos/3|0)-^ + sin/3|l)^. (23b) 

Under the operator Ve®Ua, 

Ve®Uao o Ue ® C/a|O)^|0)^^ = |0)^(ao cosa|0)^|0)^ + ai cos/3|l)^|l)^) 

+ |l)^(aosina|0)^|0)^+aisin/3|l)'^|l)^) (24) 

Next, measurement is performed on the ancilla in the basis {|0)^, Finally, Alice performs Vi on the system A 

when i outcome is obtained. So the general POVM {Nq, Ni} is realized. As a matter of fact, it is Eq.^^ that plays 
the role in entanglement conversion. 



V. OPTICAL REALIZATION 



The spin of the photon is utilized as a qubit in quantum communication. There have been extensive work on the 
two entangled photons. The creation of two-photon entangled state is easily available. It is hard to handle one of the 
two entangled photons with another new photon that acts as the ancilla qubit. The realization of CNOT operator 
between the spins of two photons is a challenging task. However, CNOT operations can be easily implemented 
between two different degree of freedom of single photon . We can choose the path modes of one photon as the 
ancilla system. So optical UQF could be realized experimentally with current technology. 



VI. SUMMARY 



In summary, we introduce universal quantum filter (diluter) that can realize optimal conversion between any two 
pure entangled states. The optical realization in experiment is shortly discussed. Maybe UQF will soon appear in the 
toolbox as a standard device since the filtering process is one basic transformation in quantum communication. 
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